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ABSTRACT 

An i t e r a t ive  aggrega t ion  procedure i s  desc r ibed  f o r  s o l v i n g  l a r g e  

s c a l e ,  f i n i t e  s t a t e ,  f i n i t e  a c t i o n  Markov d e c i s i o n  p rocesses  (MDP). A t  

each i t e r a t i o n ,  a n  aggrega te  master problem and a sequence of sma l l e r  

subproblems are so lved .  The weights  used t o  form t h e  aggrega te  master 

problem are based on t h e  e s t i m a t e s  from t h e  previous  i t e r a t i o n .  The 

subproblems are each a f i n i t e  s t a t e ,  f i n i t e  a c t i o n  MDP w i t h  a reduced 

s ta te  space  and unequal row sums. Global  convergence i s  proven f o r  t h e  

i t e r a t i v e  aggrega t ion  p rocess  under very  weak assumptions.  

convergence r e l a t e s  t h i s  i t e r a t ive  aggrega t ion  technique  t o  o t h e r  i t e r a t i v e  

techniques  t h a t  have been sugges ted  f o r  s o l v i n g  nonaggregate  l i n e a r  

programs. 

The proof of 



Most real l i f e  a p p l i c a t i o n s  of Markov d e c i s i o n  processes  (MDPs) require  t h e  

a b i l i t y  t o  s o l v e  very  l a r g e  problems; t h i s  i s  p a r t i c u l a r l y  t r u e  i f  t h e  s t a t e  

i s  a v e c t o r  of dimension g r e a t e r  than  two o r  t h ree .  The major l i m i t a t i o n  

appears  t o  be  in-core s t o r a g e .  Computers can perform l a r g e  numbers of  

c a l c u l a t i o n s  i n  a r e l a t i v e l y  s h o r t  t i m e  frame. However, a 7-dimension 

s ta te  w i t h  only  f i v e  g r i d  p o i n t s  pe r  dimension would have 78,125 s t a t e s  

and a t r a n s i t i o n  matrix f o r  each p o l i c y  t h a t  could no t  b e  s tored in-core  i n  

p r e s e n t  day computers. 

i s  descr ibed  f o r  so lv ing  l a r g e  scale  MDPs. The r e s u l t s  are an  ex tens ion  of 

t h e  work by Zipkin [ l o ,  11, 1 2 1  on fixed-weight row and column aggrega t ion  

and opt imal  d i saggrega t ion  of l i n e a r  programs. The procedure a l s o  improves 

upon t h e  r e s u l t s  of an  ex tens ive  Russian l i t e r a t u r e  on i t e r a t i v e  aggrega t ion  

processes  [l, 4 ,  6 ,  7 ,  81. 

I n  t h i s  paper a n  i t e r a t ive  aggrega t ion  procedure 

The major r e s u l t  i n  t h i s  paper i s  t h a t  i f  t h e  aggrega t ion  weights  each 

i t e r a t i o n  are  chosen proper ly ,  then  an i t e r a t i v e  procedure of aggrega t ion  

and opt imal  d i saggrega t ion  converge t o  t h e  opt imal  pr imal  and d u a l  s o l u t i o n s  

of t h e  MDP. Moreover, i t  i s  proven t h a t  t h e  subproblems t o  c a l c u l a t e  opt imal  

d i saggrega t ion  have a s p e c i a l  s t r u c t u r e  t h a t  reduces them t o  a sequence of 

reduced s t a t e  MDPs wi th  unequal row sums ( i . e . ,  s t a t e  dependent d i scoun t  

f a c t o r s ) .  This  a l lows t h e  subproblems t o  be solved by more e f f i c i e n t  

i t e r a t ive  techniques ,  r a t h e r  than by l i n e a r  p rograming .  F i n a l l y ,  a l t e r n a t e  

methods of performing t h e  updates  are presented .  

n e c e s s a r i l y  converge us ing  t h e s e  procedures .  

t h e  f u l l  a lgo r i thm i s  used every kth i t e r a t i o n ,  then t h e  a lgor i thm does 

converge t o  an optimum. 

The a lgor i thm does no t  

However, i t  i s  proven t h a t  i f  
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The major drawback of  t h e  i t e r a t i v e  procedure t o  be  descr ibed  i s  t h a t  

t h e  f u l l  a lgor i thm r e q u i r e s  t h e  computat ional  equ iva len t  of  one i t e r a t i o n  

of success ive  approximation t o  update  t h e  dua l  v a r i a b l e s .  However, i t  i s  

be l i eved  t h a t  t h e  va lue  f u n c t i o n  should converge more qu ick ly  than  simply 

performing some v e r s i o n  o f  success ive  approximations on t h e  f u l l  problem. 

By us ing  one of t h e  a l t e r n a t i v e  dua l  updates  f o r  t h e  m a j o r i t y  of t h e  

i t e r a t i o n s ,  t h e  computat ional  burden should b e  reduced cons iderably .  

2.  THE MODEL 

A Markov process  i s  t o  b e  c o n t r o l l e d  over  an  i n f i n i t e  planning hor izon .  

A t  t h e  s t a r t  of  each pe r iod ,  a s t a t e  i from a f i n i t e  se t  of N s ta tes  is  

observed,  an  a c t i o n  k i s  chosen from a f i n i t e  set of K a c t i o n s ,  and a 

t r a n s i s t i o n  i s  made t o  s t a t e  j a t  t h e  s ta r t  of t h e  next  pe r iod  wi th  

p r o b a b i l i t y  p ( i ,  j:k). 

I n  each pe r iod ,  i f  s t a t e  i is  observed and a c t i o n  k i s  s e l e c t e d ,  

a c o s t  c ( i ,  k) i s  incu r red .  The c o s t  i n  per iod  t i s  d iscounted  by a 

f a c t o r  fit;', 0 - < fi < 1, and i t  i s  d e s i r e d  t o  minimize t h e  expected t o t a l  

c o s t  over  t h e  i n f i n i t e  planning hor izon .  It i s  assumed t h a t  c ( i ,  k) is  

bounded, o r  e q u i v a l e n t l y  t h a t  0 - < c ( i ,  k) < ~0 f o r  a l l  i and k. I t  i s  w e l l  

known [3] t h a t  a s o l u t i o n  t o  t h i s  MDP can be  found by s o l v i n g  t h e  fo l lowing  

l i n e a r  programming problem (LP): 

N 

i=1 
Maximize C v ( i )  

N 

j =1 
s . t .  C (6ij  - Bp(i,  j : k ) h ( j >  5 c ( i ,  k) i = 1, . . . $  N (2.1) 

k = 1, ..., K 
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0 i f i # j  

i j  1 i f i = j  
where 6 = { 
i = 1, ..., N ;  k = 1, ..., K ,  and l e t  v = { v ( i ) } ,  u = { u ( i ,  k ) ) .  

pr imal  and d u a l  v a r i a b l e s  are denoted by 

. Dual v a r i a b l e s  are denoted by u ( i ,  k), 

O p t i m a l  

= { v ( i ) }  and u = { u ( i ,  k ) } .  

I n  forming an  aggrega te  problem, a t t e n t i o n  i s  r e s t r i c t e d  t o  a r easonab le  

s u b s e t  of  p o s s i b l e  aggrega t ions .  A t  each i t e r a t i o n ,  i t  is  assumed t h a t  t h e  

same rows and columns are aggregated.  F u r t h e r ,  i t  only i s  p o s s i b l e  t o  

aggrega te  a c t i o n s  w i t h i n  a (poss ib ly  aggrega te)  s t a t e  o r  t o  completely 

aggrega te  (poss ib ly  aggrega te)  states. I n  t h e  former c a s e  only  rows are 

aggrega ted ,  wh i l e  i n  t h e  l a t t e r  case  rows and columns a r e  aggrega ted .  

More formal ly ,  l e t  0 be a p a r t i t i o n  of {l, 2 ,  . . . , N}, and l e t  p be 

a p a r t i t i o n  of (1, 2 ,  ..., K ) .  

i n d i c e s  contained i n  t h e  nth p a r t i t i o n  of 0 .  S i m i l a r l y ,  l e t  {AL}, R = 1, 

..., K '  < K be  t h e  s e t  of i n d i c e s  contained i n  t h e  Eth p a r t i t i o n  of p. 

L e t  { s  1, n = 1, ..., N' < N be t h e  s e t  of - n 

- 
Thus, t h e  MDP has  been reduced t o  one wi th  N '  s t a t e s  and K '  a c t i o n s  per  

s t a t e .  

t t  Following [ 4 ] ,  assume t h a t  a t  t h e  tth i t e r a t i o n  t h e  estimates v , u 

f o r  v, u are given.  Define t h e  fo l lowing  doubly aggregated terms [ll]: 

(2 .2a )  
c C c ( i ,  k) u t ( i ,  k )  

ksAR i E s  n 
n = 1, ..., N'; 

n R = 1, ..., K ' .  

c c u t &  k) 
c t+l (n ,  R) = 

kEAR i E s  

C Pij - B p ( i ,  j : k ) ) v t ( j )  (2.2b) 
j ~s m 

i = 1, ..., N; C v t ( j )  
et+'(i, m:k) = 

j ~s m = 1, ..., N'; m 
k = 1, ..., K. 
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C C p^(i, m:k)u t ( i ,  k) (2.2c) 
k€Ak i E s n  

t+l n = 1, ..., N ' ;  

m = 1, ..., N ' ;  'E C u t ( i ,  k) p (n ,  m:R) = 

kEA, i E s -  
A4 II  

R = 1, ..., K ' .  

It i s  easy t o  see t h a t  t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  on t h e  

aggrega te  v a r i a b l e s  w i l l  s t i l l  be  one us ing  t h i s  aggrega t ion  scheme. 

3 .  THE ALGORITHM AND I T S  PROPERTIES 

The i t e r a t i v e  aggrega t ion  process  t o  be  descr ibed  is  similar t o  t h e  

ones i n  [ 4 ,  6 ,  7 ,  81 when i t  i s  r e a l i z e d  t h a t  t h e  q u a d r a t i c  o b j e c t i v e  

f u n c t i o n s  suggested are e x a c t l y  those  terms t h a t  would arise from us ing  

an e x t e r i o r  p e n a l t y  method t o  s o l v e  a l i n e a r  programming problem. Each 

master problem is  a doubly aggregated LP as i n  [ l l ] ,  and each subproblem 

i s  a s o l u t i o n  of an opt imal  d i saggrega t ion  subproblem [ l . Z ,  Chapter 71 .  

Assume t h a t  a f t e r  i t e r a t i o n  t ,  vt and ut a r e  given. 

S tep-  ( i )  Form t h e  aggrega te  c o e f f i c i e n t s  def ined  i n  (2.2) 

S tep  ( i i )  Solve t h e  mas ter  program: 

N '  

n= 1 
Maximize C z(n)  

N' t+l t+l n = 1, ..., N '  (3 .1)  

m= 1 !? = 1, ..., K '  
s .  t. C p (n, m:k) - < c ( n ,  R )  

z (n>  2 0 n = 1, ..., N '  

(The a d d i t i o n a l  c o n s t r a i n t s  z(n)  - > 0 i s  j u s t i f i e d  s i n c e  i t  i s  assumed 

c ( i ,  k) - > 0.) Denote a pr imal  s o l u t i o n  t o  (3.1) by zt+l  = { z  

t h e  dua l  s o l u t i o n  by A 

t+l ( n ) ) ,  and 

t+l 
= {Xt+l(n, E ) ) .  
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Step  ( i i i )  Solve N' MDPs 

Each MDP has  a s  i t s  s t a t e  space  t h e  s ta tes  indexed i n  sn; i t s  a c t i o n  

space i s  t h e  o r i g i n a l  a c t i o n  space ;  t h e  one-period c o s t  of a c t i o n  k from 

s t a t e  i i s  zt+'(n)Gt(i, n :k) .  And t h e  t r a n s i t i o n  p r o b a b i l i t i e s  a r e  the  

same as i n  t h e  o r i g i n a l  MDP. Denote t h e  updated va lues  by v - (v  (n)). 

L e t  T (i, k) b e  t h e  dua l  v a r i a b l e s  f o r  each of t h e  N '  MDPs, where t h e  

s u b s c r i p t  n denotes  t h a t  i i s  an  index i n  sn. 

t+l - t+l 

n 

S tep  ( i v )  Update t h e  dua l  v a r i a b l e s  

t+l N 

j=1 

ut( i ,  k)At+l(n, k) - k )  + B 1 p ( i ,  j : k ) v  ( j )  - v  

kEAR i E s n  

t+l 
(i '  k ) =  C C u t ( i ,  k) 

i€sn; kcAR 

+ where (a )  = max ( a ,  0 )  - 
A f i x e d  p o i n t  of t h e  i t e r a t ive  process ,  i f  one e x i s t s ,  is denoted by 

* *  * 
v , u . The corresponding va lues  of z, X a r e  denoted by z , A". 

An a l t e r n a t i v e  t o  s t e p  ( i i i )  t h a t  reduces t h e  computat ional  e f f o r t  i s  

t o  use  t h e  fixed-weight d i saggrega te  va lue  [ l o ,  11.1: 

j &s n 

(3.3) 
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S i m i l a r l y ,  s t e p  ( i v )  can be replaced by a fixed-weight d i saggrega te :  

i€sn; k&AR (3.4) 
t+l u t ( i ,  k)Xtfl(n, R) 

c u r ( i ,  k) 
u ( i ,  k) = 

kEAR i E s n  

o r ,  by no t ing  t h a t  t h e  8:+l(i, k)  i n  s t e p  ( i i i )  are d i s j o i n t ,  l e t  

(3.5) 
t+l t+l 

u ( i ,  k) = Tn (i, k)  

Before proving p r o p e r t i e s  of t h e  i t e r a t i v e  aggrega t ion  scheme, i t  is  

necessary t o  prove t h a t  s t e p  ( i i i )  i s  equiva len t  t o  opt imal  d i saggrega t ion  

as i n  [12, Chapter 71. 

Lema 3 . 1  Tn the LP: 
Maximize C v ( i )  

i&s n 

k = 1, ..., K 

t+l ( n ) B t ( i ,  n:k) itsn (3.6b) 

k = 1, ..., K 

at an opt imal  s o l u t i o n ,  none of  the c o n s t r a i n t s  (3.6b) are binding ,  u., 
nt+'(i, k) = 0 f o r  i k s n .  n 
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Proof .  L e t  w b e  t h e  c a r d i n a l i t y  of sn. Then t h e r e  can be a t  most w 

c o n s t r a i n t s  a t  e q u a l i t y  a t  an  opt imal  s o l u t i o n  t o  ( 3 . 6 ) .  Suppose one of t he  

rows i n  (3.6b) i s  a t  e q u a l i t y  a t  an  opt imal  s o l u t i o n .  This  i m p l i e s  t h e r e  

exis t  some s ta te  j '  such t h a t  no a c t i o n  has  been found opt imal  f o r  i t ,  i . e . ,  

' r t + l ( j ' ,  k) = 0 f o r  k = 1, ..., K. 

t h a t  f o r  t h e  dua l  row a s s o c i a t e d  wi th  j 'cs ,  

This  imp l i e s  i n  t h e  dua l  problem t o  ( 3 . 6 )  n 

(3.7) 
t+l 

N K  
C C - Bp(i ,  j ' : k ) r n  ( i ,  k)  = 1 

i=1 k=l  
i z j  ' 

t+l 
n However, p ( i ,  j ' : k )  > 0 f o r  a l l  j ,  k ,  and TI 

s a t i s f y  (3.7) i s  t h e  t r i v i a l  one 'r - 0. 

( i ,  k )  - > 0. The only  s o l u t i o n  - 
t+l = 
n 

a 
The importance of lemma 3 .1  i s  t h a t  t h e  o b j e c t i v e  Maximize C v ( i )  

i E s n  

s u b j e c t  t o  (3.6a) i s  i t s e l f  a n  LP f o r  s o l v i n g  an MDP. Hence more e f f i c i e n t  

i t e r a t i v e  techniques r a t h e r  than l i n e a r  programming can b e  used t o  f i n d  t h e  

opt imal  d- isaggregate  va lues .  

The e x i s t e n c e  of an opt imal  s o l u t i o n  t o  ( 2 . 1 )  has  been we l l - e s t ab l i shed .  
* *  

The e x i s t e n c e  of a f i x e d  p o i n t  (v , u ) f o r  t h e  i t e r a t i v e  process  w i l l  be  

proven by showing t h a t  (v  , u ) i s  a f i x e d  p o i n t  i f  and only i f  i t  is  opt imal  

i n  (2 .1) .  

* *  

* *  
Theorem 3 . 1  (v , u ) i s  a f i x e d  p o i n t  of the i t e r a t i v e  process  -- - 

desc r ibed  i n  steps ( i ) - ( i v )  i f  and on ly  i f  st- pr imal  and d u a l  op t imal  f o r  

(2.1). 

-- Proof .  (v, u) i s  a f i x e d  p o i n t  
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t - t -  
The proof proceeds by showing t h a t  i f  v = v ,  u = u,  then 

C u ( i ,  k ) .  These va lues  t+l z (n) = C v ( i ) ,  and Xt+'(n, R) = C 
i&S, i E s n  k€AR 

are  opt imal  i n  t h e  master problem i f  they a r e  f e a s i b l e  and i f  they s a t i s f y  

complementarity cond i t ions .  The l a t t e r  i s  

( C i E s n  kEAR 
C U(i ,  k)) = 0 

A f t e r  c a n c e l l i n g  ou t  terms, t h i s  reduces t o :  

t h e  complementarity cond i t ion  f o r  (2 .1 ) ,  which i s  t r u e  by assumption. S ince  

v ,  G are p r i m a l  and dua l  Eeas ib le ,  p o s i t i v e  weighted sums of t h e  rows and 

columns cannot change t h i s .  Hence z (n) = C v ( i )  and Xt''(n, R)  = 

- 

t+l 

iEs n 

C 
3&sn kEAk 

C s ( i ,  k) are pr imal  and dua l  f e a s i b l e  i n  t h e  master problem. 

Using t h e  LP form of s t e p  ( i i i )  given i n  ( 3 . 6 ) '  i t  i s  ev ident  t h a t  

V = v. S ince  3 i s  f e a s i b l e  and opt imal ,  t he  second t e r m  on t h e  r ight-hand 

s i d e  of ( 3 . 2 )  i s  always nonpos i t ive .  

If s(i ,  k) i s  zero ,  then t h e  b r a c k e t s  imply u 

6 ( i ,  k)  > 0 ,  then  

The f i r s t  t e r m  reduces t o  u ( i ,  k). 

- t+l ( i ,  k)  = 0 = u ( i ,  k ) .  I f  



9 

t+l 
N 

j =1 
c ( i ,  k) + B C p ( i ,  j : k )  (j) - t(€) = 0 ,  s o  aga in  u ( i ,  k)  = u ( i ,  k ) .  

* *  
(v , u ) i s  op t ima l  i n  (2.1) 

t * t  * t+l The proof i s  t o  show t h a t  i f  v = v , u = u , then z (n) = C v ( i )  

t+l * *  i E S n  

and X (n ,  2) = C C c ( i ,  k ) .  Suppose no t .  S ince  v , u i s  a f i x e d  

p o i n t ,  t hen  from ( 3 . 1 2 ) ,  v* i s  f e a s i b l e  i n  ( 2 . 1 ) ,  o r  else u 

v i s  opt imal  i n  s t e p  ( i i i ) y  o r  e q u i v a l e n t l y  i n  t h e  N' LPs ( 3 . 6 ) .  This 

impl i e s  v i s  f e a s i b l e  i n  (2 .1)  and op t ima l ,  c o n t r a d i c t i n g  t h e  assumption 

t h a t  v # v. S ince  v = v,  i f  u # u ,  then i t  is  s t r a i g h t f o r w a r d  t o  show 

t h a t  t h e  master problem and ( 3 . 2 )  a s s u r e  t h a t  u 

complementarity cond i t ions  f o r  ( 2 . 1 ) .  Hence u must be J. 

i €sn kEAR 
t+l * # u . However, 

* 
* 

* * -  * -  
* 

and 3 s a t i s f y  t h e  
* 

0 

That (t, u) i s  a f i x e d  p o i n t  i s  suggested i n  [ l o ,  111. There i t  i s  

shown t h a t  op t imal  weight ings should b e  p r o p o r t i o n a l  t o  opt imal  s o l u t i o n s .  

The main r e s u l t  o f  t h i s  paper  is t h a t  under very  weak cond i t ions  t h e  

i t e r a t ive  process  descr ibed  i n  s t e p s  ( i ) - ( i v )  coverges t o  an optimum 

s o l u t i o n  of ( 2 . 1 ) .  The a lgor i thm i n  s t e p s  ( i ) - ( i v )  can be  seen  t o  be a 

N NxK ~ RN NxK 
X R+ + + X R +  - composite p o i n t  t o  s e t  map A :  R 

0 0  Theorem 3.2 Assume f o r  (v  , u ) - -  > 0 t h a t  v', u '  are  nonnegat ive - and - 
bounded when one i t e r a t i o n  of t h e  procedure  i s  performed. &eJ {(v  t , u t m  - -- -- 

b_e the sequence of v e c t o r s  generated 

converges to (v, u) or else t h e r e  

the algori thm. Then e i t h e r  { v t y  u t ) )  

3 convergent subsequence w i t h  (v,  3) 

as t h e  l i m i t  of t h e  subsequence. _ - - _ -  
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Proof.  ( i )  I f  t h e  a lgo r i thm converges,  i t  converges t o  a f ixed  p o i n t  

Denote t h e  assumed l i m i t  by ( v ' ,  u ' ) .  S ince  t h e  sequence { (v  t , u t ) )  

* converges on a me t r i c  space ,  t h e r e  e x i s t s  a me t r i c  d and a t such t h a t  

d((vt ,  u ) ,  ( v ' ,  u ' ) )  < E~ f o r  every E: > 0. A l s o ,  f o r  every E > 0 t h e r e  

exis ts  a t such t h a t  f o r  t '  

t 

t ,  t" 2 t ,  d ((v t '  , u t '  >, (v  t" , Ut")) < E.  
- - 

Combining i n e q u a l i t i e s  s ays  t h a t  d (v , u ) ,  (v t+l , ut+')) -+ 0 as t r 
approaches i n f i n i t y ,  hence ( v ' ,  u ' )  must be a f i x e d  p o i n t .  

( i i ) .  The p o i n t  t o  se t  map A i s  upper-semicontinuous (c losed)  

S ince  t h e  p a r t i t i o n s  being used are the same each i t e r a t i o n ,  t h e r e  e x i s t s  

t h r e e  cons t an t  matrices T1((N'K')  l)), T 2 (Ix M'), and T 3 ( N K x  N )  such t h a t  

t h e  c o n s t r a i n t s  f o r  t h e  master problem i n  s t e p  ( i )  can be  w r i t t e n  

A s  t h e  mapping i s  l i n e a r  and cont inuous,  and t h e  c o n s t r a i n t  forms a convex 

s e t ,  t h e  mapping A1 i s  c losed .  

ope ra to r  i s  c losed ,  c a l l  t h i s  A . S i m i l a r l y ,  t h e  c o n s t r a i n t s  f o r  t h e  

subproblems form c losed  maps, c a l l  then A3,  A 4 ,  . . . , AN'+2, and equat ion  

Zangwill [9] proves.  t h a t  t h e  maximization 

2 

0 ( 3 . 2 )  i s  t r i v i a l l y  c losed ,  c a l l  t h i s  map A . Therefore  t h e  map A can be 

w r i t t e n  as A = A A A N ' + 2 . . .  A A A A . 2 3 2 1  1 1  The assumption t h a t ( v  , u ) i s  

f i n i t e  guarantees  t h a t  t h e  a lgo r i thm produces a sequence of bounded v e c t o r s ,  

t h a t  i s  A is  de f ined  on a compact se t .  Closedness of  A then f o l l o w s  from 

c o r o l l a r y  4 . 2 . 1  i n  [9, p .  961. 

( i i i )  The pena l ty  f u n c t i o n  

- c ( i ,  k(+)2 
N K  

N t  c v ( i )  - - e ( L!lkij - b ( i ,  j : k ) ) v t ( j )  
i=l i=l k = l  

monotonical ly  decreases  wi th  t f o r  some f ixed  va lue  e > 0.  
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Remark. This  r e s u l t  re la tes  i t e r a t i v e  aggrega t ion  f o r  MDPs t o  t h e  

i t e r a t i v e  a lgo r i thm f o r  nonaggregated l i n e a r  programs proposed i n  [5]. 

Both are developed around t h e  pena l ty  f u n c t i o n  method f o r  s o l v i n g  LPs. 

Be r t sekas  [ 2 ]  h a s  shown t h a t  t h e r e  e x i s t s  f o r  l i n e a r  programs an 

exac t  p e n a l t y  f u n c t i o n  method such t h a t  f o r  a l l  e i n  t h e  i n t e r v a l  

(0 ,  e ] ,  t h e  p e n a l t y  f u n c t i o n  a lgo r i thm converges.  Let  e b e  one such va lue .  

Using (3.2) ,  t h e  Lagrangean f u n c t i o n  f o r  t h e  master problem (3.1) a t  

i t e r a t i o n  t+l can be w r i t t e n  as 

- 

N’ 
Maximize C z(n)  

I, > 0 n = l  - 

+ 
6 i j  - B p ( i ,  j : k ) ) v t ( j )  - c(i, k)) i s  used i n  (3.8) because 

j =1 
t h e  t o t a l  normalizing cons t an t  can be cance l l ed  o u t  on both s i d e s  of each 

c o n s t r a i n t  of t h e  aggrega te  problem ( 3 . 1 ) .  

1 
A t  w ( n ,  R) Z - e ’  

and a t  t h e  t r i a l  v a l u e  z ( n )  = C V t ( i ) ,  (3.8) reduces t o :  
i E s  n N’ K’ N 

N t  C v ( i )  - 1 ‘ C  C { C C ( u t ( i ,  k)  + C (6i j  - f3p(i, j : k )  

j =1 e i=l n = l  R = l  kEAR i E s n  

(3.9) 



1 2  
N 

L e t  1- be t h e  s e t  of ( i ,  k) such t h a t  
\ j = l  

- c ( i ,  k)\ 0. Then (3.9)  can be w r i t t e n h s :  

J 

(3.10) 

t-1 
t ( i ,  k) t t v ( i >  

t-1 

t-1 C v ( i )  
; v ( i )  = z (n)  t-1 Since  u ( i ,  k) = Xt(n, R >  

C C u ( i ,  k) 
REAR i E S  i E S n  n 

t and z t ,  A are opt imal  i n  (3 .1)  a t  i t e r a t i o n  t ,  t h e  second term i n  (3.10) 

i s  i d e n t i c a l l y  zero .  Moreover, t h e  l a s t  term i n  (3.10) i s  nonpos i t i ve  

s i n c e  ( i ,  k)EI- i f  v t  i s  f e a s i b l e  i n  t h a t  row. Hence, (3.10) is  less than 

o r  equal  t o :  

2 

k))'] . (3.11) 
N K  

C v ( i )  - - e d i j  - Bp(i ,  j : k ) ) v t ( j )  - c ( i ,  
J 

N t  

i=l i=l k = l  
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t Moreover, z t ,  X 

i n  (3.1) a t  i t e r a t i o n  t. Wri t ing  t h e  Lagrangean as L ( z ,  w), t h i s  imp l i e s  

maximizes t h e  pena l ty  func t ion  (3.11) given t h e  c o n s t r a i n t s  

* 1 t t h a t  f o r  w E occurs  a t  z (n)  = C v ( i ) .  Le t  L (w>=maxL(z ,w) .  
i E s  Z n 

* 
Then a t  a n  optimum t o  (3.1) a t  i t e r a t i o n  t+l, L(ztf l ,  At+') - < L (w). From 

(3 .11) ,  t h i s  imp l i e s  t h e  pena l ty  func t ion  i s  dec reas ing  wi th  t .  

( i v )  Convergence 

P a r t s  ( i ) - ( i i i )  of t h e  p roof ,  combined wi th  theorem 3.1, are t h e  

cond i t ions  r equ i r ed  i n  Convergence Theorem A [ 9 ,  p. 911. 
n 

When s t e p s  ( i ) - ( i v )  of  t h e  i t e ra t ive  aggrega t ion  process  are used only  

every kth i t e r a t i o n ,  and t h e  a l t e r n a t i v e s  (3 .3 ) ,  (3 .4 ) ,  or (3.5) are used 

a t  a l l  o t h e r  i t e r a t i o n s ,  p roo f s  of convergence fo l low c l o s e l y  t h e  proof of 

theorem 3.2 t o  d e r i v e  t h e  cond i t ions  necessary  f o r  Zangwil l ' s  o t h e r  con- 

vergence theorems. I n t u i t i v e l y ,  one f u l l  s t e p  of success ive  approximations 

s t i l l  is  computed i n f i n i t e l y  o f t e n  i f  t h e  a lgor i thm does no t  f i nd  a f i x e d  

po in t .  A s  long as t h e  in t e rmed ia t e  s t e p s  do n o t  f o r c e  t h e  va lue  func t ion  

and t h e  dua l  v a r i a b l e s  u i n  undes i r ab le  d i r e c t i o n s ,  t h e  a lgor i thm converges 

s i n c e  success ive  approximations converges when app l i ed  t o  MDPs. 

v 

F i n a l l y ,  i t  i s  conjec tured  t h a t  convergence can be proven i n  an 

analogous mammer t o  theorem 3 . 2  i f  on ly  some subse t  of t h e  dua l  v a r i a b l e s  

are a d j u s t e d  by equat ion  (3.2) a t  each i t e r a t i o n .  (This  is i n  t h e  s p i r i t  

of r e c e n t  advances i n  LP a lgor i thms t h a t  converge i n  polynomial t ime.)  

For example, one p a r t i t i o n  a t  a t i m e  could be updated each i t e r a t i o n  us ing  

equat ion  (3.2) .  
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4 .  CONCLUSION 

An i t e r a t i v e  aggrega t ion  procedure f o r  MDPs has  been presented  which 

converges g l o b a l l y  t o  an opt imal  va lue  func t ion  and t o  opt imal  dua l  v a r i a b l e s .  

The process  r e q u i r e s  less in-core s t o r a g e  a t  any p o i n t  then does so lv ing  t h e  

f u l l  MDP. However, each i t e r a t i o n  r e q u i r e s  a t  l eas t  t h e  computat ional  

equ iva len t  of one i t e r a t i o n  of success ive  approximations.  Convergence 

should be  more r a p i d  us ing  t h e  i t e r a t i v e  aggrega t ion  process .  

To reduce  t h e  computat ional  burden, s e v e r a l  a l t e r n a t i v e  procedures  are  

presented  a t  key s t e p s .  

are used; however, i f  t h e  f u l l  i t e r a t i v e  aggrega t ion  process  i s  used every 

kth i t e r a t i o n ,  then  aga in  t h e  a lgo r i thm converges g l o b a l l y .  

Convergence has  no t  been proven when t h e s e  procedures  

There should ex is t  a more e f f i c i e n t  computat ional  method f o r  updat ing 

a t  each i t e r a t i o n ,  t h e  dua l  v a r i a b l e s ,  a method which converges g l o b a l l y .  

Improvements i n  t h i s  area should l ead  t o  t r u l y  e f f i c i e n t  means f o r  s o l v i n g  

l a r g e  s c a l e  MDPs. 
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